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2-MANIFOLDS ARE ISOSPECTRAL ON FORMS.
R. J. MIATELLO, R. A. PODESTA´, AND J. P. ROSSETTI.
Abstract. We obtain a simple formula for the multiplicity of eigen-
values of the Hodge-Laplace operator, ∆f , acting on sections of the full
exterior bundle Λ(TM) =
⊕n
p=0 Λ
p(TM) over an arbitrary compact flat
Riemannian n-manifold M with holonomy group Zk2 , with 1 ≤ k ≤ n−1.
This formula implies that any two compact flat manifolds with holo-
nomy group Zk2 having isospectral lattices of translations are isospec-
tral on forms, that is, with respect to ∆f . As a consequence, we con-
struct a large family of pairwise ∆f -isospectral and nonhomeomorphic
n-manifolds of cardinality greater than 2
(n−1)(n−2)
2 .
Introduction
In [MR2,3,4] the spectrum of the Hodge-Laplacian on p-forms on com-
pact flat manifolds was studied, comparing p-isospectrality with other types
of isospectrality. In particular, pairs of manifolds that are isospectral on
p-forms for a fixed value of p > 0 were constructed, having different lengths
of closed geodesics or different first eigenvalue of the Laplacian on func-
tions. Most of the examples given belong to the class of Zk2-manifolds, that
is, flat Riemannian manifolds with holonomy group Zk2 . By the Cartan-
Ambrose-Singer theorem, such manifolds are necessarily flat, hence of the
form MΓ = Γ\Rn, Γ a Bieberbach group with translation lattice Λ and with
holonomy group F := Λ\Γ ≃ Zk2.
The goal of this paper is to show that if we consider the full exterior bundle
over a Zk2-manifold MΓ, there is a high degree of regularity in the spectrum
of the Hodge Laplacian, ∆f , acting on sections of this bundle. Two mani-
folds having the same spectrum with respect to ∆f will be called isospectral
on forms. We shall see that the spectrum of a flat manifoldMΓ is completely
determined by the spectrum of the covering torus TΛ, and furthermore any
two Zk2-manifolds MΓ, MΓ′ , with covering torus TΛ are isospectral on forms.
They are also isospectral on even (resp. odd) forms, that is, with respect to
the operator ∆f restricted to even (resp. odd) forms. This allows to obtain
very large families of ∆f -isospectral n-manifolds, pairwise nonhomeomor-
phic to each other. In particular we will describe a family of flat manifolds,
the so called generalized Hantzsche-Wendt manifolds (see [RS]), having ho-
lonomy group Zn−12 , whose cardinality is greater than 2
(n−1)(n−2)
2 . The proof
of the main result uses the multiplicity formulae in [MR2] together with
some symmetry properties of the Krawtchouk polynomials. We point out
that the above isospectrality result is valid only for holonomy groups F ≃ Zk2.
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Indeed, we shall see that it fails to hold for flat manifolds with holonomy
group F ≃ Z4 and F ≃ Z4 × Z2 (Example 3.5).
1. Preliminaries
We first recall from [Ch] or [Wo] some standard facts on compact flat
manifolds. A Bieberbach group is a discrete, cocompact torsion-free sub-
group Γ of the isometry group I(Rn) of Rn. Such Γ acts properly discon-
tinuously on Rn, hence MΓ = Γ\Rn is a compact flat Riemannian manifold
with fundamental group Γ. Furthermore, any such manifold arises in this
way. Since I(Rn) ≃ O(n)⋉Rn, any element γ ∈ I(Rn) decomposes uniquely
as γ = BLb, with B ∈ O(n) and b ∈ Rn. The translations in Γ form a nor-
mal maximal abelian subgroup of finite index LΛ, Λ a lattice in R
n which is
B-stable for every BLb ∈ Γ. The restriction to Γ of the canonical projection
r : I(Rn) → O(n), given by BLb 7→ B, is a homomorphism with kernel Λ
and r(Γ) is a finite subgroup of O(n) isomorphic to F := Λ\Γ, the linear
holonomy group of the Riemannian manifold MΓ.
We recall from [MR2] the multiplicity formula for the eigenvalues of the
Hodge Laplace operator −∆p acting on smooth p-forms of a compact flat
manifold MΓ. For any µ ≥ 0, let
(1.1) Λ∗µ = {λ ∈ Λ∗ : ‖λ‖2 = µ}
where Λ∗ is the dual lattice of Λ. In [MR2], Theorem 3.1, it is shown that
the multiplicity of the eigenvalue 4π2µ of −∆p is given by
(1.2) dp,µ(Γ) =
1
|F |
∑
γ=BLb∈Λ\Γ
trp(B) eµ,γ(Γ)
where eµ,γ =
∑
v∈Λ∗µ:Bv=v e
−2piiv·b and trp is the trace of the p-exterior rep-
resentation τp : O(n)→ GL(Λp(Rn)).
A Bieberbach group Γ is said to be of diagonal type (see [MR3], Definition
1.3) if there exists an orthonormal Z-basis {λ1, . . . , λn} of the lattice Λ such
that for any element BLb ∈ Γ, Bλi = ±λi for 1 ≤ i ≤ n. These Bieberbach
groups have holonomy group Zk2 for some 1 ≤ k ≤ n− 1. If Γ is of diagonal
type, after conjugation of Γ by an isometry, it may be assumed that Λ is
the canonical (or cubic) lattice and, furthermore, that b lies in 12Λ for any
γ = BLb ∈ Γ (see [MR3], Lemma 1.4).
For Bieberbach groups of diagonal type, the traces trp(B) in (1.2) are
given by integral values of the Krawtchouk polynomials of degree p
(1.3) Knp (x) :=
p∑
t=0
(−1)t
(
x
t
)(
n− x
p− t
)
(see [MR2], Remark 3.6 and [MR3]; also, see [KL] for more information
on Krawtchouk polynomials). Indeed, we have
(1.4) trp(B) = K
n
p (n − nB), where nB := dim (Rn)B = dimker(B − Id).
The first Krawtchouk polynomials are Kn0 (x) = 1, K
n
1 (x) = −2x + n,
Kn2 (x) = 2x
2− 2nx+ (n2), Kn3 (x) = −43x3+2nx2− (n2−n+ 23)x+ (n3). For
later use we also give, in the following tables, the integral values of Knp (x)
for 0 ≤ p, x ≤ n, n = 3, 4.
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(1.5)
x 0 1 2 3
K30 (x) 1 1 1 1
K31 (x) 3 1 -1 -3
K32 (x) 3 -1 -1 3
K33 (x) 1 -1 1 -1
x 0 1 2 3 4
K40 (x) 1 1 1 1 1
K41 (x) 4 2 0 -2 -4
K42 (x) 6 0 -2 0 6
K43 (x) 4 -2 0 2 -4
K44 (x) 1 -1 1 -1 1
2. The spectrum on forms of Zk2-manifolds.
Let
⊕n
p=0
∧p(T (MΓ)) be the full exterior bundle of the compact flat man-
ifold MΓ and let ∆p be the Hodge Laplacian acting on p-forms. We shall
denote by
(2.1) ∆f :=
n∑
p=0
∆p, ∆e :=
∑
p even
∆p, ∆o :=
∑
p odd
∆p,
the Laplacian on forms, on even forms and on odd forms ofMΓ, respectively.
The multiplicity of the eigenvalue 4π2µ for ∆f is given by
(2.2) df,µ(Γ) =
n∑
p=0
dp,µ(Γ)
and similarly de,µ(Γ) =
∑
p even dp,µ(Γ) and do,µ(Γ) =
∑
p odd dp,µ(Γ), for ∆e
and ∆o respectively. Thus, ∆f = ∆e +∆o and df,µ(Γ) = de,µ(Γ) + do,µ(Γ).
Clearly, p-isospectrality for all p implies ∆f -isospectrality (as well as ∆e
and ∆o-isospectrality), but we shall see that the converse is far from being
true.
Theorem 2.1. If Γ is a Bieberbach group with translation lattice Λ and
holonomy group Zk2, then for any µ ≥ 0 the multiplicities of the eigenvalue
4π2µ for ∆f , ∆e and ∆o are given respectively by
df,µ(Γ) = 2
n−k|Λ∗µ|, de,µ(Γ) = do,µ(Γ) = 2n−k−1|Λ∗µ|.
Thus, if MΓ,MΓ′ are Z
k
2-manifolds with translation lattices Λ,Λ
′, then MΓ
and MΓ′ are isospectral on forms (resp. on even or odd forms) if and only if
Λ and Λ′ are isospectral. In particular, for fixed Λ and k, all Zk2-manifolds
having covering torus TΛ are ∆f , ∆e and ∆o-isospectral.
Proof. LetMΓ be a Z
k
2-manifold. ThenMΓ = Γ\Rn with Γ = 〈γ1, . . . , γk,Λ〉,
where Λ is a lattice and γi = BiLbi , Bi ∈ O(n), bi ∈ Rn, BiΛ = Λ, B2i = Id,
BiBj = BjBi for each 1 ≤ i, j ≤ k.
We know that if Bi is diagonal then trp (Bi) = K
n
p (n− nBi) (see [MR2],
Remark 3.6). This is also valid for non-diagonal matrices B of order 2.
Indeed, B has only eigenvalues of the form ±1, hence B is conjugate in
GLn(R) to the diagonal matrix DB :=
[−In−nB
InB
]
where Im is the identity
matrix in Rm. Thus trp(B) = trp(DB) = K
n
p (n− nB).
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Hence, by (1.2), (1.4) and the fact that Knp (0) =
(
n
p
)
, we have
dp,µ(Γ) = 2
−k
((
n
p
)|Λ∗µ|+ ∑
γ∈Λ\Γ, γ 6=Id
Knp (n− nB) eµ,γ(Γ)
)
and, adding over p, we obtain
df,µ(Γ) = 2
n−k|Λ∗µ|+ 2−k
∑
γ∈Λ\Γ, γ 6=Id
( n∑
p=0
Knp (n− nB)
)
eµ,γ(Γ).
Now, we show that
∑n
p=0K
n
p (j) = 0 for fixed j 6= 0. In fact,
n∑
p=0
Knp (j) =
n∑
p=0
j∑
t=0
(−1)t(j
t
)(
n−j
p−t
)
=
j∑
t=0
(−1)t(j
t
) n−j∑
p−t=0
(
n−j
p−t
)
= 2n−j
j∑
t=0
(−1)t(j
t
)
= 0
Thus, since n − nB = 0 if and only if B = Id, we obtain that df,µ(Γ) =
2n−k|Λ∗µ|, as claimed. The proofs for de,µ(Γ) and do,µ(Γ) are the same,
except that we add over even and odd values of p, respectively. 
Remark 2.2. (i) We note that for the n-torus TΛ, for each 0 ≤ p ≤ n,
we have dp,µ(Λ) =
(
n
p
)|Λ∗µ|, hence 0-isospectrality is equivalent to p-isospec-
trality for any p > 0, and this in turn is equivalent to ∆f -isospectrality.
However, there are many examples of pairs of compact flat manifolds that
are p-isospectral for some p > 0 but are not isospectral on functions and also
pairs of manifolds that are isospectral on functions but are not p-isospectral
for any 0 < p < n (see [MR2, MR3]).
(ii) We shall see that Theorem 2.1 does not hold for general holonomy
groups. For instance, Example 3.5 will show it fails to hold when F is
isomorphic to Z4 or Z4 × Z2.
3. Examples and Counterexamples
Example 3.1. We now consider a family of Z2-manifolds, of cardinality
quadratic in n, which are pairwise not isospectral on functions, but which
are isospectral on forms, according to Theorem 2.1.
Put J := [ 0 11 0 ]. For each 0 ≤ j, h < n, define
(3.1) Bj,h := diag(J, . . . , J︸ ︷︷ ︸
j
,−1, . . . ,−1︸ ︷︷ ︸
h
, 1, . . . , 1︸ ︷︷ ︸
l
)
where n = 2j + h + l, j + h 6= 0 and l ≥ 1. Then Bj,h ∈ O(n), B2j,h = Id.
Let Λ = Ze1⊕ · · · ⊕Zen be the canonical lattice of Rn and for j, h as before
define the groups
(3.2) Γj,h := 〈Bj,hL en
2
,Λ〉.
Z
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We have that Λ is stable by Bj,h and (Bj,h+ Id)
en
2 = en ∈ Λr (Bj,h+ Id)Λ.
It is easy to verify that Γj,h is torsion-free, hence a Bieberbach group. In
this way, if we set Mj,h := Γj,h\Rn, we have a family
(3.3) F := {Mj,h = Γj,h\Rn : 0 ≤ j ≤ [n−12 ], 0 ≤ h < n− 2j, j + h 6= 0}
of compact flat manifolds with holonomy group F ≃ Z2.
Furthermore, the family F gives a system of representatives for the dif-
feomorphism classes of Z2-manifolds of dimension n (see [MP] for a proof).
Also
(3.4) H1(Mj,h,Z) ≃ Zj+l ⊕ Zh2 ,
and if 1 ≤ p ≤ n, then the Betti numbers are
(3.5) βp(Mj,h) =
[ p
2
]∑
i=0
(
j + h
2i
)(
j + l
p− 2i
)
.
Hence, if β1(Mj,h) = β1(Mj′,h′), then βp(Mj,h) = βp(Mj′,h′) for any p ≥ 1.
Moreover,
(3.6) #F = (n− [n−12 ])([n−12 ] + 1)− 1 =
{
n2+2n−4
4 n even
n2+2n−3
4 n odd.
Now, sinceBj,h andB0,j+h are conjugate in GLn(R) we have that trp(Bj,h)
= trp(B0,j+h) = K
n
p (j + h). Hence, by formula (1.2), the expression for the
multiplicity of the eigenvalue 4π2µ of −∆p equals
(3.7) dp,µ(Γj,h) =
1
2
((
n
p
)|Λµ|+Knp (j + h) eµ,γ(Γj,h)).
where eµ,γ(Γ) =
∑
v∈ΛBµ e
−2piiv·b and ΛB denotes the elements in Λ fixed
by B.
We claim that the manifolds in F are pairwise not isospectral on functions.
To see this, it will suffice to compare the multiplicities of the two smallest
nonzero eigenvalues, namely µ = 1 and µ =
√
2.
Take µ = 1. Then Λ1 = {±e1, . . . ,±en} and ΛBj,h1 = {±e2j+h+1, . . . ,±en}
thus |Λ1| = 2n and |ΛBj,h1 | = 2(n − (2j + h)) = 2l. Now, one checks that
e1,γ(Γj,h) = 2(l − 1) + 2(−1) = 2(l − 2) and hence we get from (3.7)
(3.8) dp,1(Γj,h) =
(
n
p
)
n+Knp (j + h)(l − 2).
Now consider µ =
√
2. Then Λ√2 = {±(ei ± ej) : 1 ≤ i < j ≤ n} and
Λ
Bj,h√
2
= {±(e2i−1 + e2i) : 1 ≤ i ≤ j} ∪ {±(ei ± ej) : n− l + 1 ≤ i < j ≤ n}.
Hence |Λ√2| = 4
(
n
2
)
and |ΛBj,h√
2
| = 2j + 4( l2). One checks that e√2,γ(Γj,h) =
2j + 4
((
l
2
)− 2(l − 1)) = 2j + 2(l − 1)(l − 4). In this way we obtain
(3.9) dp,
√
2(Γj,h) = 2
(
n
p
)(
n
2
)
+Knp (j + h)
(
j + (l − 1)(l − 4)).
In particular for p = 0, since Kn0 (j) = 1 for any j, we have
d0,1(Γj,h) = n+ l − 2(3.10)
d0,
√
2(Γj,h) = n(n− 1) + j + (l − 1)(l − 4).(3.11)
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This allows to distinguish the spectra on functions of the Z2-manifolds
considered. Indeed, if Mj,h,Mj′,h′ are isospectral then l = l
′ by (3.10), thus
2j + h = 2j′ + h′. By (3.11), j = j′ and hence h = h′. This shows that all
manifolds in F are pairwise not isospectral to each other.
To illustrate the compensations occurring in the sums in (2.2) we com-
pute the individual multiplicities dp,µ(Γ) corresponding to µ = 1,
√
2, for
manifolds in F in dimensions 3 and 4.
In dimension 3, there are only three Z2-manifolds up to diffeomorphism
(see [Wo]): M1,0,M0,2 and M0,1, with holonomy groups generated respec-
tively by the matrices [ J 1 ], [
−I
1 ] and [
−1
I
] where I is the 2 × 2 identity
matrix. These manifolds are called dicosm (c2), first amphicosm (+a1) and
second amphicosm (−a1) respectively, in [CR].
Using formulae (3.8) and (3.9) and the tables in (1.5) for the integral
values of Krawtchouk polynomials we compute the following values of dp,1
and dp,
√
2, for 0 ≤ p ≤ 3:
µ = 1 d0 d1 d2 d3 df
M1,0 2 8 10 4 24
M0,2 2 10 10 2 24
M0,1 3 9 9 3 24
µ =
√
2 d0 d1 d2 d3 df
M1,0 7 19 17 5 48
M0,2 6 18 18 6 48
M0,1 4 16 20 8 48
In dimension 4 there are five nondiffeomorphic Z2-manifolds, M1,1,M1,0,
M0,3, M0,2 and M0,1, with holonomy group generated, respectively, by the
matrices
[
J −1
1
]
,
[
J
1
1
]
,
[−I
−1
1
]
,
[−I
1
1
]
and
[−1
1
I
]
. Proceeding as
before we get the tables:
µ = 1 d0 d1 d2 d3 d4 df
M1,1 3 16 26 16 3 64
M1,0 4 16 24 16 4 64
M0,3 3 18 24 14 5 64
M0,2 4 16 24 16 4 64
M0,1 5 18 24 14 3 64
µ =
√
2 d0 d1 d2 d3 d4 df
M1,1 13 48 70 48 13 192
M1,0 11 46 72 50 13 192
M0,3 12 48 72 48 12 192
M0,2 10 48 76 48 10 192
M0,1 10 44 72 52 14 192
Example 3.2. Here we consider the Z22-manifolds of dimension 3 having
the cubic lattice as lattice of translations (see [Wo], Section 3.5). There
are three such manifolds, up to isometry. We shall see that they are not
p-isospectral for any 0 ≤ p ≤ n, showing for small eigenvalues how the
compensations take place so that the sums of multiplicities for all p become
the same.
We consider the Hantzsche-Wendt manifold,M1 = Γ1\R3, and two nonori-
entable ones M2 = Γ2\R3,M3 = Γ3\R3, also called didicosm (c22), first
amphidicosm (+a2) and second amphidicosm (−a2) respectively, in [CR].
The groups Γi = 〈γ1 = B1Lb1 , γ2 = B2Lb2 ,Λ〉, are given in the table below,
where B3 = B1B2, b3 ≡ B2b1 + b2 mod Λ, and Λ = Ze1 ⊕ Ze2 ⊕ Ze3 is the
cubic lattice. All matrices Bi are diagonal and are written as column vec-
tors. We indicate the translation vectors bi also as column vectors, leaving
out the coordinates that are equal to zero.
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M1
B1 Lb1 B2 Lb2 B3 Lb3
-1 1/2 -1 1 1/2
-1 1 1/2 -1 1/2
1 1/2 -1 -1 1/2
M2
B′1 Lb′1 B
′
2 Lb′2 B
′
3 Lb′3
-1 1 -1
-1 1/2 -1 1 1/2
1 1/2 1 1/2 1
M3
B′1 Lb′′1 B
′
2 Lb′′2 B
′
3 Lb′′3
-1 1 1/2 -1 1/2
-1 1/2 -1 1 1/2
1 1/2 1 1 1/2
Using (1.2) we have
dp,µ(Γ1) =
1
4
((
3
p
)|Λµ|+K3p(2) (eµ,γ1 + eµ,γ2 + eµ,γ3))
dp,µ(Γi) =
1
4
((
3
p
)|Λµ|+K3p(1) eµ,γ1 +K3p(2) (eµ,γ2 + eµ,γ3))(3.12)
for i = 2, 3.
Now, to show that M1,M2 and M3 are not pairwise p-isospectral for any
0 ≤ p ≤ 3 we shall again use two eigenvalues, namely those corresponding
to µ = 1 and µ =
√
5.
Take µ = 1. Then Λ1 = {±e1,±e2,±e3} and hence |Λ1| = 6. Also,
ΛBi1 = {±ei} for 1 ≤ i ≤ 3, ΛB
′
1
1 = {±e3}, ΛB
′
2
1 = {±e1,±e3}, and ΛB
′
3
1 =
{±e2,±e3}. For µ =
√
5 we see that Λ√5 = {±(2ei ± ej) : 1 ≤ i, j ≤ 3},
so |Λ√5| = 24. Now, we have ΛBi√5 = Λ
B′1√
5
= ∅ for 1 ≤ i ≤ 3, ΛB′2√
5
=
{±(2e1 ± e3),±(e1 ± 2e3)}, and ΛB
′
3√
5
= {±(2e2 ± e3),±(e2 ± 2e3)}.
With this information one computes the following values of eµ,γ(Γi) for
1 ≤ i ≤ 3:
e1,γ1 e1,γ2 e1,γ3 e
√
5,γ1
e√5,γ2 e
√
5,γ3
M1 -2 -2 -2 0 0 0
M2 -2 0 0 0 0 0
M3 -2 0 -4 0 0 -8
By substituting these values back in (3.12) we obtain:
dp,1 dp,
√
5
Γ1
3
2
((3
p
)−K3p(2)) 6(3p)
Γ2
1
2
(
3
(3
p
)−K3p(2)) 6(3p)
Γ3
1
2
(
3
(3
p
)−K3p (2)− 2K3p(1)) 6(3p)− 2K3p(1)
With this information and using (1.5), we are now in a position to give
the multiplicities for the two eigenvalues we are considering.
µ = 1 d0 d1 d2 d3 df
M1 0 6 6 0 12
M2 1 5 5 1 12
M3 0 4 6 2 12
µ =
√
5 d0 d1 d2 d3 df
M1 6 18 18 6 48
M2 6 18 18 6 48
M3 4 16 20 8 48
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From these tables it is clear that the manifolds M1,M2,M3 are pairwise not
p-isospectral for any individual value of p, 0 ≤ p ≤ 3.
Example 3.3. In [RT] a family Bn of pairwise nonhomeomorphic Z22-
manifolds of dimension n with β1 = 0, is given. This family, which includes
Cobb’s family as a rather small subfamily, grows polynomially as n
5
27325
. By
Theorem 2.1, all manifolds in Bn are ∆f -isospectral.
Example 3.4. We first recall some facts from [MR1]. Let n be odd. A
Hantzsche-Wendt (or HW) group is an n-dimensional orientable Bieberbach
group Γ with holonomy group F ≃ Zn−12 such that the action of every B ∈ F
diagonalizes on the canonical Z-basis e1, . . . , en of Λ. The holonomy group
F can thus be identified to the diagonal subgroup {B : Bei = ±ei, 1 ≤ i ≤
n, detB = 1} and MΓ = Γ\Rn is called a Hantzsche-Wendt manifold.
Denote by Bi the diagonal matrix fixing ei and such that Biej = −ej (if
j 6= i), for each 1 ≤ i ≤ n. Clearly, F is generated by B1, B2, . . . , Bn−1.
Any HW group has the form Γ = 〈B1Lb1 , . . . , Bn−1Lbn−1 , Lλ : λ ∈ Λ〉,
for some bi ∈ Rn, 1 ≤ i ≤ n − 1, where it may be assumed that the
components bij of bi satisfy bij ∈ {0, 12}, for 1 ≤ i, j ≤ n. Also, it is easy
to see that Λp(Rn)F = 0 for any 1 ≤ p ≤ n − 1, hence all Betti numbers
are 0 for 1 ≤ p ≤ n− 1, thus HW manifolds are rational homology spheres.
We further recall that it is shown in [MR1] (by considering a rather small
subfamily) that the cardinality hn of the family of all HW groups under
isomorphism satisfies hn >
2n−3
n−1 . Moreover, the cardinality of the pairs of
isospectral, nonisomorphic HW groups grows exponentially with n.
All HW manifolds form a family of pairwise nonhomeomorphic compact
flat n-manifolds, of cardinality growing exponentially with n, which by The-
orem 2.1 are mutually ∆f -isospectral.
Example 3.5. Here we show that Theorem 2.1 fails to hold without the
assumption that F ≃ Zk2 , even when the manifolds are isospectral on func-
tions.
(i) First, we consider the pair M,M ′ of manifolds of dimension 6, having
holonomy group Z4×Z2, studied in [MR2], Example 5.1. Take J˜ :=
[
0 1−1 0
]
.
Let Γ = 〈B1Lb1 , B2Lb2 ,Λ〉 and Γ′ = 〈B′1Lb′1 , B′2Lb′2 ,Λ〉 where Λ is the canon-
ical lattice in R6 and
B1 =
[
J˜
J˜
1
1
]
, B2 =
[−I
I
1
1
]
, b1 =
e5
4 , b2 =
e6
2 ,
B′1 =
[
J˜
1 −1
−1
1
]
, B′2 =
[−I
−1
1 −1
1
]
, b′1 =
e6
4 , b
′
2 =
e4+e5
2 .
In [MR2] it is shown that M = Γ\R6,M ′ = Γ′\R6 are isospectral on
functions –and hence 6-isospectral, by orientability– but they are not p-
isospectral for any 1 ≤ p ≤ 5. We claim they are not ∆f -isospectral. To see
this, it will be sufficient to look at µ = 0. Indeed, since dp,0(Γ) = βp(M)
we have that df,0(M) =
∑6
p=0 βp(M). The Betti numbers for M,M
′ are
Z
k
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given, for 0 ≤ p ≤ 6, respectively by 1, 2, 3, 4, 3, 2, 1 and 1, 1, 1, 2, 1, 1, 1 (see
[MR3], Remark 5.2). In this manner we have that df,0(M) = 16 while
df,0(M
′) = 8. Furthermore, we observe that de,0(M) = do,0(M) = 8 while
de,0(M
′) = do,0(M ′) = 4. Hence M,M ′ are not isospectral on even forms
nor on odd forms.
(ii) As a simpler example we look at a variation of (i). Indeed, let Γ =
〈B1Lb1 ,Λ〉 and Γ′ = 〈B′1Lb′1 ,Λ〉 with Bj, bj as in (i), j = 1, 2. Then Γ,Γ′
have holonomy group Z4 and a computation shows that the Betti numbers
are, in this case, respectively given by 1, 2, 5, 8, 5, 2, 1 and 1, 2, 3, 4, 3, 2, 1.
For instance, to verify the values in the case of β2, we note that a basis of
vectors fixed by B1 on Λ
2(R6) is given by e1∧e2, e3∧e4, e5∧e6, e1∧e4, e2∧e3
while for B′1 a basis of fixed vectors is e1 ∧ e2, e3 ∧ e6, e4 ∧ e5.
Thus, in this case we have df,0(M) = 24 while df,0(M
′) = 16, hence M
and M ′ are not isospectral on forms.
4. Large families of manifolds isospectral on forms
In this section we will exhibit large families of Zk2-manifolds, pairwise
nonhomeomorphic to each other, which by Theorem 2.1 will be isospectral on
forms. In particular, for each n, we shall construct a family of n-dimensional
Z
n−1
2 -manifolds with cardinality of order approximately (
√
2)
n2
, for n large.
Consider the subgroup of I(Rn) with set of generators {CiLci , Lej : 1 ≤
i ≤ n − 1, 1 ≤ j ≤ n}, where Ci := diag(1, . . . , 1,−1
i
, 1, . . . , 1), and ci :=
ei+1
2 +
∑i
j=1 cjiej for some choice of cji ∈ {0, 12}. Here {e1, e2, . . . , en} denotes
the canonical basis of Λ = Zn. Similarly as in Example 3.2 above, we show
in (4.1) such a group in column notation, placing the coordinates of the
translation vectors ci as subindices in each column.
(4.1)
C1 C2 C3 . . . Cn−1 C¯n
−1 1∗ 1∗ . . . 1∗ −1∗
1 1
2
−1 1∗ · · · 1∗ −1∗
1 1 1
2
−1 . . . ... ...
1 1 1 1
2
. . . 1∗ −1∗
...
...
...
. . . −1 −1∗
1 1 1 . . . 1 1
2
1 1
2
where each ∗ is 0 or 12 , depending on the choice of the cji’s. We have added
an extra column C¯n corresponding to the product C¯n := C1C2 . . . Cn−1 and
we take the respective column vector cn ≡ c1+ · · ·+ cn−1 mod Λ and having
coordinates in {0, 12}.
In (4.1), in the case when all ∗’s in the first n − 1 columns equal zero
(and thus the ∗’s in the n-th column are 12 ’s, except for the one in the
entry (1, n) which is zero), the corresponding group, which we will denote
by Kn (see Figure 1), was introduced in [LS] and is known to be torsion-
free, i.e., a Bieberbach group. Here, we will prove that this is true in the
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more general case above. We shall denote by Kn the family consisting of all
groups constructed in this manner.
Proposition 4.1. All groups in Kn are Bieberbach groups.
Proof. It is clear that the groups are Euclidean crystallographic groups.
Hence, we need only show that they are torsion-free. Every element in each
group is either a translation Lλ with λ ∈ Λ, or it is of the form
(4.2) γ := Ci1Lci1 . . . CikLcikLλ, i1 < · · · < ik, 1 ≤ k ≤ n− 1.
The translations Lλ, λ 6= 0, are clearly not elements of finite order. Con-
cerning the remaining elements, we observe that on the (ik+1)-th coordinate
the product γ in (4.2) acts as the translation by 12 + λik+1, with λik+1 ∈ Z
and λ = (λ1, . . . , λn). This is so since the action of Cij on eik+1 is trivial for
j = 1, 2, . . . , k, and the (ik + 1)-th coordinates of the translational parts cij
are equal to zero, for j = 1, . . . , k − 1, and 12 for j = k.
Now, γ2 is a translation and its (ik + 1)-th coordinate is 2(
1
2 + λik+1) =
2λik+1 + 1. In general, the (ik + 1)-th coordinate of the m-th power of γ in
(4.2) equals m(12 + λik+1), hence γ
m 6= Id for every m 6= 0. 
Remark 4.2. Manifolds of dimension n and holonomy group Zn−12 have
been called in [RS] generalized Hantzsche-Wendt manifolds, or GHW man-
ifolds for short. They necessarily have diagonal holonomy representation.
The family Kn is properly contained in this larger class. It is not difficult
to see that the holonomy representation in (4.1) is the only possible one for
GHW manifolds with first Betti number one (see [RS]).
Next we shall show that all the Bieberbach groups in Kn are pairwise not
isomorphic. In [MR1], we have attached a directed graph to any orientable
GHW manifold, with diffeomorphism of manifolds corresponding to isomor-
phism of graphs, essentially. It is also possible to do the same for arbitrary
GHW manifolds, i.e., to associate a directed graph with n vertices to any
n-dimensional GHW manifold. We will do this in the case of the family Kn.
This graph will be helpful to better understand the elements in our family.
Firstly, we replace the array in (4.1) by an n × n array A of 0’s and 12 ’s
by keeping just the translational parts mod Zn. We observe that the total
number of 12 ’s in each row must be even, since the last column in A is the
sum mod Zn of the others. Thus
(4.3) A =
0 ∗ ∗ · · · ∗ ∗
1
2 0 ∗ · · · ∗ ∗
0 12 0
. . .
...
...
0 0 12
. . . ∗ ...
...
...
...
. . . 0 ∗
0 0 0 · · · 12 12
where each ∗ can be equal to 0 or 12 .
We recall that these arrays are in a one-to-one correspondence with groups
in Kn. We will associate to each such array (or group in Kn) a directed graph
Z
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having a fixed set of n vertices {v1, . . . , vn} and so that there is an arrow
issuing from vertex vi into vertex vj if and only if the entry (i, j) in A
equals 12 .
Remark 4.3. Note that similar matrices A were used in [MR1] to describe
orientable GHW manifolds (there called HW manifolds), however the trans-
lational parts, shown as columns of the matrix A here, are shown as rows in
[MR1]. We also observe that another option to define these graphs would
have been to ‘colour’ vertex vn leaving out the arrow joining vn to itself. In
[MR1] these loops were omitted since all the vertices were of the same kind.
To illustrate the definition above, we display some GHW groups and their
graphs.
In Figure 1, we show the array and the graph corresponding to the group
Kn. Note that the arrows going from right to left in the figure of the graph
will be present in every graph corresponding to a group in Kn.
0 0 · · · · · · 0 0
1
2 0 · · · · · · 0 12
0 12
. . .
. . .
...
...
0 0
. . .
. . .
...
...
...
...
. . .
. . . 0 12
0 0 · · · 0 12 12
v1 v2 v3 vn−1 vn
Figure 1. The matrix and the graph of the group Kn.
Next, we will show the graphs of GHW groups in dimensions 2 and 3.
In dimension 2, the Klein bottle group (which is isomorphic to K2) belongs
to K2.
0 0
1
2
1
2
Figure 2. The graph of the Klein bottle.
In dimension 3, out the three existing GHW groups, two of them, the first
amphidicosm +a2 and the second amphidicosm −a2, belong to K3 while the
other one, the didicosm c22 (or Hantzsche-Wendt manifold), does not (see
figures 3 and 4).
In dimension 4, there are twelve GHW manifolds (see [CS] for instance),
ten having first Betti number equal to one, i.e. β1 = 1 (see figures 5 and 6)
and two having β1 = 0. Out of these, eight manifolds are in K4. They are
given by the array
(4.4)
0 x y x+ y
1
2 0 z z +
1
2
0 12 0
1
2
0 0 12
1
2
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0 0 0
1
2 0
1
2
0 12
1
2
0 12
1
2
1
2 0
1
2
0 12
1
2
Figure 3. The graphs of the first and second amphidicosms
+a2 and −a2.
Figure 4. The graph of the didicosm c22.
where x, y, z ∈ {0, 12} and the sums are taken mod Z. If we choose the
eight different possibilities for x, y, z ∈ {0, 12}, we obtain the eight groups inK4. The eight graphs corresponding to these manifolds have some common
features, as can be seen in Figure 5.
Proposition 4.4. Let Γ and Γ′ be groups in Kn corresponding to arrays A
and A′ as in (4.3), respectively. Then Γ ≃ Γ′ if and only if A = A′, or
equivalently, if and only if their associated graphs G and G′ are isomorphic.
Proof. We first check that if two directed graphs, G,G′, attached to arrays
as in (4.3) are isomorphic (as directed graphs) then G = G′. We will do this
by showing that each vertex vi, 1 ≤ i ≤ n, is completely determined by the
isomorphism class of the graph. The vertex vn is determined since it is the
only vertex with an arrow going to itself. Now, there is only one more arrow
issuing from vn and it goes to vn−1, so this determines vn−1. Also, there
is only one arrow issuing from vn−1 and going to vertices different from vn.
This arrow goes to vn−2, so this determines vn−2. Continuing in this way
we get v2 determined; furthermore v2 is the only vertex which has an arrow
going to v1, hence determining v1. Thus, all the vertices are determined.
In other words, an isomorphism φ between two of these graphs φ : G→ G′
(recall that the set of vertices is the same in both graphs) satisfies φ(vi) = vi
for every i = 1, 2, . . . , n, hence φ = Id and thus G = G′.
By the definition of the graph, one has that G = G′ if and only A = A′.
Thus, we will be done if we prove that Γ ≃ Γ′ implies A = A′.
Let Γ′ = 〈CiLc′
i
: 1 ≤ i ≤ n− 1;LΛ〉. By Bieberbach’s second theorem,
an isomorphism between Γ and Γ′ must be given by conjugation by an affine
motion δ = DLd, D ∈ GLn(R), d ∈ Rn, i.e. Γ′ = δΓδ−1. This implies, in
Z
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x y z
0 0 0
0 0 12
0 12 0
0 12
1
2
1
2 0 0
1
2 0
1
2
1
2
1
2 0
1
2
1
2
1
2
Figure 5. The graphs of the eight manifolds in K4. On the
right, we show the values of x, y, z of the corresponding ar-
rays.
Figure 6. The graphs of the two 4-dimensional GHW man-
ifolds with β1 = 1 which are not in K4.
particular, that
(4.5) δCiLciδ
−1 = DCiD−1LD(ci+(Ci−Id)d).
Since C¯n is the only matrix in the holonomy group with exactly n − 1
diagonal elements equal to −1, we must have DC¯nD−1 = C¯n. Similarly,
there is a permutation σ ∈ Sn−1 such that DCiD−1 = Cσ(i) for 1 ≤ i ≤ n−1.
Also,
(4.6) c′σ(i) ≡ D(ci + (Ci − Id)d) mod Λ
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Now we take into account that ci and c
′
i are of the form
∑i+1
j=1 ǫjiej where
ǫii = 0 and ǫi+1 i =
1
2 for i = 1, 2, . . . , n−1, ǫji = 0 or 12 for j < i and ǫnn = 12 .
We note that equation (4.6) allows to change modulo Z only the coordinates
in ci in which Ci acts by −1, while the other coordinates cannot change
(modulo Z). In particular, since the entries (ji) with j > i in A correspond
to the action of Ci as the identity, they remain unchanged after conjugation
by δ. Then we see that Cn−1 must be matched (via the isomorphism) to
C ′n−1 (since they are the only Ci’s with
1
2 in the n
th coordinates of their
translation vectors). This implies that σ(n − 1) = n − 1. In the same way,
we see that for each i, 1 ≤ i ≤ n − 2, Ci must be matched with C ′i, thus
σ(i) = i for 1 ≤ i ≤ n − 1. Therefore, it follows that the permutation σ
must be the identity.
This implies that D is diagonal with eigenvalues ±1. By taking into
account that we have chosen the coefficients in the main diagonal in A and
in A′ to be zero for the first n − 1 entries, we must have d ≡ 0 mod Z.
Hence, conjugation by δ = DLd produces an automorphism of Γ. Thus,
Γ = Γ′, and hence we have A = A′ for the corresponding arrays, which
completes the proof. 
Now, it is easy to compute the cardinality of Kn, since there are two
choices for each entry (i, j) with 1 ≤ i < j < n:
Corollary 4.5. There are 2
(n−1)(n−2)
2 Bieberbach groups in Kn, all of them
pairwise nonisomorphic to each other.
If we put this corollary together with Theorem 2.1, we have:
Corollary 4.6. There exists a family of 2
(n−1)(n−2)
2 compact n-manifolds,
isospectral on forms and pairwise nonhomeomorphic to each other.
Remark 4.7. (i) It is easy to see that there are larger families with similar
properties as Kn. Indeed, in [RS] it was shown that, for a given n, there are
[(n+ 1)/2] different integral holonomy representations for GHW manifolds.
For each of these representations, one can define a family of Bieberbach
groups in a similar way as for Kn above, and all the resulting flat manifolds
will be isospectral on forms by Theorem 2.1, yet pairwise nonhomeomorphic.
Thus, this procedure should allow to multiply the number in Corollaries 4.5
and 4.6 by a factor of [(n + 1)/2], approximately. However, this does not
improve the result significantly.
(ii) If one considers families of Bieberbach groups with holonomy group
Z
k
2 for some k with
n
2 ≤ k < n − 1, one should obtain larger families of
manifolds than in the case k = n − 1, pairwise nonhomeomorphic to each
other and again isospectral on forms. A support for this claim is given by
the classification of low dimensional Bieberbach groups (see [CS]).
(iii) The manifolds in Kn are all nonorientable. By using a duplication
method (see for instance [BDM]) applied to the manifolds in Kn one ob-
tains 2
(n−1)(n−2)
2 , orientable, nonhomeomorphic manifolds of dimension 2n
isospectral on forms.
(iv) Using the methods in [MR3] (see Thm. 3.12) and in [MR4] (see
Prop. 4.7) one can show that the manifolds in Kn are, generically, not p-
isospectral for any value of p, 0 ≤ p ≤ n.
Z
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